Abstract. If G is a group, a virtual retract of G is a subgroup which is a retract of a finite index subgroup. Most of the paper focuses on two group properties: property (LR), that all finitely generated subgroups are virtual retracts, and property (VRC), that all cyclic subgroups are virtual retracts. We study the permanence of these properties under commensurability, amalgams over retracts, graph products and wreath products. In particular, we show that (VRC) is stable under passing to finite index overgroups, while (LR) is not.
Introduction
Recall that a subgroup H of a group K is called a retract if there is a homomorphism ρ : K → H which restricts to the identity map on H. In this case the map ρ is called a retraction of K onto H. Theorem 1.8. Let F be a finitely generated subgroup of a finitely generated virtually free group G. Then F is a free factor of a finite index subgroup of G if and only if |C G (f ) : C F (f )| < ∞ for every non-trivial finite order element f ∈ F .
The criterion from Theorem 1.8 provides a positive solution to the above conjecture of Brunner and Burns from [14] . Corollary 1.9. A finitely generated virtually free group G satisfies M. Hall's property if and only if every non-trivial finitely generated subgroup of G has finite index in its normalizer.
Section 11 collects several open questions which naturally arose in the course of writing this paper. The Appendix at the end of the paper investigates a counter-example to the conjecture of Burns and Brunner proposed in [10] . Acknowledgements The author would like to thank Peter Kropholler, Ian Leary, Armando Martino, Nansen Petrosyan and Pavel Zalesskii for valuable discussions. He is also indebted to Ian Leary for coming up with the graph of groups covers used in the Appendix.
2. Background 2.1. Notation. Throughout the paper N = {1, 2, 3, . . . } will denote the set of natural numbers. As usual, Z will denote the integers and Q -the rational numbers. Given any m ∈ N, we will write Z m for the group of residues modulo m (isomorphic to the cyclic group of order m).
If G is a group and g, h ∈ G, the commutator [g, h] will be written as ghg −1 h −1 . For an element f ∈ G and a subgroup H G, C G (f ) and C G (H) will denote the corresponding centralizers in G, and N G (H) will denote the normalizer of H in G. If A, B are two subsets of G, AB = {ab | a ∈ A, b ∈ B} ⊆ G will denote their product. The following fact will be used frequently in the paper: if A and B are subgroups, one of which normalizes the other, then AB = BA is also a subgroup of G.
All actions considered in the paper will be left actions.
2.2.
Trees. For our purposes here, a tree is a graph in the sense of Serre [43, Chapter I, §2] , which is non-empty, connected and does not contain any cycles. Group actions on trees will all be simplicial (i.e., vertices must be mapped to vertices and edges must be mapped to edges) and without edge inversions. We will say that an action of a group G on a tree T is cocompact if the quotient G\T is a finite graph. Trees come equipped with the natural edge-path metric. We shall think of each edge e being oriented: it will have an initial vertex e − and a terminal vertex e + . The action of a group on a tree will always be assumed to preserve the orientation of the edges. Let G be a group acting on a tree T . Suppose that g ∈ G and e is an edge of T , and set e = g e. We will say that g translates the edge e if e = e and the vertices e + and e − belong to the geodesic segment [e − , e + ] in T . An element g ∈ G is hyperbolic if it translates at least one edge of T . In this case g has infinite order and the set of all edges translated by g in T forms a simplicial line (homeomorphic to R), called the axis of g, on which g acts by translation (see [22, Chapter I, Propositions 4.11, 4.13] ).
It is a well-known fact (cf. [22, Chapter I, Proposition 4.11] ) that every element g ∈ G is either hyperbolic or elliptic. The latter means that g fixes at least one vertex of T .
Lemma 2.1 ([22, Chapter I, Theorem 4.12 and Proposition 4.13]). Let G be a finitely generated group acting on a tree T . If G has no hyperbolic elements then it fixes a vertex of T . Otherwise the set of all edges translated by elements of G forms the unique minimal G-invariant subtree X of T , and G acts on X cocompactly.
In particular, this lemma implies that each hyperbolic element g ∈ G has a unique axis, so the action of the normalizer N G ( g ) on T must preserve this axis.
2.3. Profinite topology. Let G be a group. The left cosets to finite index subgroups of G form a basis of the profinite topology on G. It is easy to see that G is residually finite if and only if this topology is Hausdorff.
A subgroup of G is closed in the profinite topology if and only if it is equal to the intersection of finite index subgroups. The group G is said to be cyclic subgroup separable if all cyclic subgroups of G are closed in the profinite topology. A much stronger property is subgroup separability: G is LERF (a.k.a. subgroup separable) if every finitely generated subgroup of G is closed. Both of these properties imply residual finiteness.
Lemma 2.2. If G is a residually finite group and H vr G then H is closed in the profinite topology on G.
Proof. Let K G be a finite index subgroup retracting onto H. Then K is residually finite, as a subgroup of G, so H is closed in the profinite topology on K by [32, Lemma 3.9] . Since |G : K| < ∞, every closed subset of K is also closed in G, hence H is closed in the profinite topology on G.
Lemma 2.3. If G is a group with property (VRC) then G is residually finite.
Proof. Indeed, let g ∈ G \ {1}. Then for some finite index subgroup K G, containing g, there is a retraction ρ : K → g . If g has finite order in G, then ker ρ is a subgroup of finite index of K (and, hence, of G) which does not contain g. If g has infinite order, there is an epimorphism η : g → Z 2 , where Z 2 is the cyclic group of order two, generated by η(g). In this case we see that g / ∈ ker(η • ρ), and this kernel has finite index in G. Thus for each g ∈ G \ {1} we found a finite index subgroup of G which does not contain g. This means that G is residually finite.
Lemma 2.4. Let G be a group and H ⊆ A be two subgroups such that |A : H| < ∞ and H is closed in the profinite topology on G. Then there exists a finite index subgroup L G such that A ∩ L = H.
Proof. Suppose that A = H n i=1 a i H, for some a 1 , . . . , a n ∈ A \ H. Since H is closed in the profinite topology on G, there exists a finite index normal subgroup N G such that a i / ∈ HN for each i = 1, . . . , n. It is easy to see that L = HN is a finite index subgroup of G satisfying the desired property.
Virtual retractions
3.1. Basic properties of virtual retractions. Suppose that H vr G, and K G is a finite index subgroup containing H and admitting a retraction ρ : K → H. Then N = ker ρ K, HN = K and H ∩ N = {1}. Conversely, it is not difficult to see that the existence of N with the above properties is sufficient to show that H vr G. This observation will be used throughout the paper without further reference.
Remark 3.1. Given a group G with a subgroup H, H is a virtual retract of G if and only if there exists a subgroup N G, normalized by H, such that |G : HN | < ∞ and H ∩ N = {1}.
Let us now state a few basic properties of the relation vr from Definition 1.1. 
Proof. Claim (i) is obvious (one can just restrict the retraction from a finite index subgroup of G to a finite index subgroup of A) and claim (iii) is an immediate consequence of (ii).
To establish claim (ii) it is convenient to assume that ϕ is surjective (which we can do in view of claim (i)) and to use Remark 3.1. Thus, if ϕ(H) vr G there must exist N G , normalized by ϕ(H), such that the subgroup ϕ(H)N has finite index in G and ϕ(H) ∩ N = {1}. Let N = ϕ −1 (N ) be the full preimage of N in G. Then N will be normalized by H and
To prove claim (iv), suppose that H vr G and F vr H. Then there exists a finite index subgroup K G and a homomorphism ρ : K → H such that H ⊆ K and ρ(h) = h for all h ∈ H. Since F ⊆ H we can deduce that ρ is injective on F and ρ(F ) = F vr H. Therefore F vr K by claim (ii), which implies that F vr G as |G : K| < ∞.
It remains to establish the validity of claim (v). Assuming H vr G and H vr G , we can find finite index subgroups K G and K G such that H ⊆ K, H ⊆ K , and there are retractions ρ :
Let G be a group generated by a finite set S, and let H G be a subgroup generated by a finite set T . For g ∈ G and h ∈ H we will use |g| S and |h| T to denote the word lengths of g and h corresponding to the generating sets S and T . Recall that the subgroup H is said to be undistorted in G if there is C > 0 such that for all h ∈ H we have |h| T ≤ C|h| S . This is equivalent to saying that the embedding H → G is quasi-isometric with respect to the word metrics on H and G. Moreover, this notion is independent of the choices of finite generating sets S for G and T for H. The following observation (cf. [21, Lemma 2.2]) can be used to show that a subgroup is not a virtual retract of a group G.
Remark 3.3. Suppose that G is a finitely generated group and H G. If H vr G then H is finitely generated and undistorted in G.
3.2.
Promoting retractions to finite index overgroups. Let us discuss some background to Question 1.3 from the Introduction. First we observe that in the case when H is actually a retract of G, it is sufficient to require residual finiteness of G.
Lemma 3.4. Let G be a residually finite group. Suppose that H is a retract of G and A G is a subgroup satisfying H ⊆ A and |A : H| < ∞. Then A vr G. In particular, B vr G for every finite subgroup B of G.
Proof. Let ρ : G → H be a retraction and let N = ker ρ G. Then G = HN and H ∩ N = {1}; therefore the intersection A ∩ N must be finite, as |A : H| < ∞. Since G is residually finite, there exists a finite index normal subgroup L G such that L ∩ (A ∩ N ) = {1}. Denote N = L ∩ N and observe that N G and |N : N | < ∞. It follows that HN has finite index in HN = G, so |G :
The second claim follows from the first one by applying it to the case when H = {1}.
Example 3.5. Let us demonstrate that the assumption of residual finiteness of G is important in Lemma 3.4. Indeed, suppose that G is a group with a non-trivial finite subgroup A G such that A is contained in every finite index subgroup of G (for example, this will satisfied if G is infinite and simple). Obviously the trivial subgroup H = {1} is a retract of G, but A cannot be a virtual retract of G (even though |A : H| = |A| < ∞). Indeed, otherwise there would exist N G such that N is normalized by A, |G : AN | < ∞ and A ∩ N = {1}. It follows that |G : N | < ∞, so N is a finite index subgroup of G which intersects A trivially, contradicting our assumption.
We will now construct examples showing that in Lemma 3.4 one cannot replace the assumption that H is a retract of G with the assumption that H vr G.
Example 3.6. Let X be any group and let G = X α 2 ∼ = X Z 2 be the wreath product of X with a cyclic group of order 2 generated by α. In other words, G = (X × X) α 2 , where α acts on X × X by interchanging the two factors: α(x, y)α −1 = (y, x) for all (x, y) ∈ X × X. Observe that the diagonal subgroup H = {(x, x) ∈ X × X} is centralized by α, and so A = C G (α) = H α is a subgroup of G with |A : H| = 2. Note, also, that H ∼ = X.
Clearly H is a retract of X × X (for example, under the map (x, y) → (x, x)), so H vr G. However Proposition 3.7 below shows that A will not be a virtual retract of G unless X is virtually abelian. Thus, for example, if X is the free group of rank 2 then the subgroup H is a virtual retract of G = X α 2 , but its index 2 overgroup A is not.
In the next proposition and its proof we will use the notation of Example 3.6. Proposition 3.7. If A vr G then X ∼ = H has an abelian subgroup of finite index.
Proof. Suppose that there is a finite index subgroup K G and a normal subgroup N K such that A ⊆ K, the intersection A ∩ N is trivial and K = AN . Since |G : (X × X)| = 2, after replacing N with N ∩ (X × X), we can assume that N ⊆ X × X. Let X 1 = X × {1} G and M = K ∩ X 1 . Then |X 1 : M | < ∞ and we will show that M is abelian.
If (x, 1) ∈ N for some x ∈ X, then (x, x) = (x, 1)α(x, 1)α −1 ∈ A ∩ N , since A contains the diagonal subgroup of X × X and α ∈ A normalizes N . Hence x = 1, and thus
Now, for all (x, 1) ∈ M and (a, b) ∈ N , the commutator [(x, 1), (a, b)] = ([x, a], 1) belongs to N , as M ⊆ K normalizes N . In view of (1), the latter implies that [x, a] = 1, i.e., (2) each (x, 1) ∈ M commutes with (a, 1) ∈ X 1 , provided ∃ b ∈ X with (a, b) ∈ N . Now, for every (a, 1) ∈ M K = AN there must exist ∈ {0, 1}, (c, c) ∈ H and (d, e) ∈ N such that (a, 1) = α (c, c)(d, e). Then = 0, ce = 1, and so a = cd = e −1 d. Finally, observe that for
as N is normalized by α ∈ K. Recalling (2), we deduce that (a, 1) is central in M . Hence M is abelian, and so X 1 ∼ = X ∼ = H are virtually abelian.
Proposition 3.7 implies that for A vr G in Example 3.6, X must necessarily be virtually abelian. However this is not always sufficient, as the following exercise shows.
Exercise 3.8. Using the notation of Example 3.6, suppose that the group X is abelian. Then A vr G if and only if X has a finite index subgroup without 2-torsion and |X/X 2 | < ∞.
Remark 3.9. One can easily make torsion-free examples similar to Example 3.6. Indeed, let X be a torsion-free group which is not virtually abelian, and let G = (X ×X) β be a semidirect product of X × X with the infinite cyclic group generated by β, where β(x, y)β −1 = (y, x), for all (x, y) ∈ X × X (i.e., β induces the same involution of X × X as α did in Example 3.6).
. However, an argument very similar to the proof of Proposition 3.7 shows that A is not a virtual retract of G.
Retractions onto virtually abelian subgroups
The aim of this section is to prove Theorem 1.4, which provides a strong converse to Proposition 3.7. The argument will make use of a few auxiliary statements.
Lemma 4.1. Let G be a residually finite group and let H vr G be a finitely generated virtually abelian subgroup. If A G contains H and |A : H| < ∞ then there is a finitely generated virtually abelian group P and an epimorphism ϕ : G → P such that ϕ is injective on A.
Proof. Let K G be a finite index subgroup retracting onto H. Then K is residually finite, so we can apply Lemmas 2.2 and 2.4 to find a finite index subgroup L K such that A ∩ L = H. Clearly L still retracts onto H, so there exists N L such that L = HN and H ∩ N = {1}. Since |G : L| = |G : K| |K : L| < ∞, there is a finite index normal subgroup M G, contained in L. Denote N 1 = N ∩ M M , and observe that M/N 1 is finitely generated and virtually abelian as it is isomorphic to M N/N which has finite index in L/N ∼ = H.
is a normal subgroup of M , for each i = 1, . . . , n. Therefore M/N 2 can be naturally ("diagonally") embedded in the direct product
is finitely generated and virtually abelian, therefore
is also finitely generated and virtually abelian. Since any subgroup of finitely generated virtually abelian group is again finitely generated and virtually abelian, both M/N 2 and its finite index overgroup P = G/N 2 are finitely generated and virtually abelian.
It remains to show that the natural epimorphism ϕ : G → P is injective on A, in other words, that N 2 ∩ A = {1}. But this is true by construction, because N 2 ⊆ L and
The next statement is essentially a consequence of Maschke's Theorem from Representation Theory (see [19, Theorem 10.8 
]).
Lemma 4.2. Let L be a finitely generated virtually abelian group and let S L be a normal subgroup. Then there is a torsion-free normal subgroup R L such that |L : SR| < ∞ and S ∩ R is trivial.
Proof. Let F L be a free abelian normal subgroup of finite index in L, thus F ∼ = Z n for some n ∈ N ∪ {0}. Then T = S ∩ F is normal in L, so the natural action of L on F by conjugation gives a homomorphism ψ : L → Aut(F ) ∼ = GL n (Z), with finite image X = ψ(L) (since |L : F | < ∞ and F is abelian). Thus F can be regarded as an X-module, with T -an X-submodule of F . Now, U = F ⊗ Q is a vector space over Q, equipped with the induced action of X and containing an X-invariant subspace V = T ⊗ Q. By Maschke's Theorem, V has an X-invariant complement W , so that U = V + W and V ∩ W is trivial. Note that F is an X-invariant lattice in U , so R = W ∩ F is also X-invariant. Consequently, R F (so R is torsion-free), R is normal in L and the intersection T ∩ R is trivial. It follows that S ∩ R is trivial.
It remains to show that |P : SR| < ∞. By the construction, for every f ∈ F , f = v + w, where v ∈ V and w ∈ W . Obviously there exists a positive integer m ∈ N such that mv ∈ F and mw ∈ F (m is the common denominator for all the rational numbers 'involved' in v and w), hence mv ∈ T and mw ∈ R. Thus mf ∈ T + R. Since such m exists for each f ∈ F , we deduce that F/(T + R) is a torsion abelian group. But this group is also finitely generated (as F is finitely generated), hence |F/(T + R)| < ∞. Since |L : F | < ∞ and T + R = T R SR, we can conclude that |L : SR| < ∞, so the lemma is proved.
Corollary 4.3. If P is a finitely generated virtually abelian group then every subgroup Q P is a virtual retract.
Proof. By the assumptions, P contains a normal abelian subgroup F P of finite index. Then L = QF is a finite index subgroup of P and S = Q ∩ F is normal in L. The group L is again finitely generated and virtually abelian, so we can apply Lemma 4.2 to find a torsion-free normal subgroup R L which has trivial intersection with S and satisfies |L : SR| < ∞. Since Q ⊆ L, we see that R is normalized by Q. Observe, also, that |P : QR| ≤ |P : L| |L : QR| ≤ |P : L| |L : SR| < ∞.
Finally, |Q ∩ R| < ∞ as S has finite index in Q, which implies that Q ∩ R is trivial because R is torsion-free. Hence we have shown that Q vr P , as required.
We can now prove Theorem 1.4.
Proof of Theorem 1.4. By Lemma 4.1, there is an epimorphism ϕ : G → P , where P is a finitely generated virtually abelian group and the restriction of ϕ to A is injective. So we can use Corollary 4.3 to deduce that ϕ(A) vr P . Finally, we can conclude that A vr G by Lemma 3.
2.(ii).
Remark 4.4. Examples 3.5 and 3.6 show that in Theorem 1.4 the assumptions that G is residually finite and H is virtually abelian are indeed necessary. Finally, in view of Exercise 3.8, one can use the free abelian group of infinite rank as X in Example 3.6 to see that the finite generation of H is also important.
As the reader will notice, finitely generated virtually abelian groups play a prominent role in this paper. One explanation for this is that Corollary 4.3 has a converse, at least in the case of groups with finite virtual cohomological dimension.
Proposition 4.5. Let G be a virtually torsion-free group with vcd(G) < ∞. If every subgroup of G is a virtual retract then G is finitely generated and virtually abelian.
Proof. Let A G be a torsion-free subgroup of finite index, then the cohomological dimension cd(A) is equal to vcd(G) < ∞, and every subgroup of A is still a virtual retract by Lemma 3.2.(i). Thus it is enough to show that A is finitely generated and virtually abelian. The argument will proceed by induction on cd(A). If cd(A) = 0 then A is the trivial group and so the statement holds. Hence we can further suppose that A is non-trivial.
Take an infinite cyclic subgroup C A. By the assumptions, C vr A, so there exist a finite index subgroup K A and S K such that C ⊆ K, C ∩ S = {1} and K = CS. Now, S vr G, so S vr K, and one can find a finite index subgroup L K and T L satisfying 
.(i) tells us that every subgroup of S is a virtual retract, as S
A, so S must be finitely generated and virtually abelian by induction. It follows that L, and, hence, A are finitely generated and virtually abelian. Thus the proposition is proved.
On properties (LR) and (VRC).
In this section we will establish some basic facts about properties (LR) and (VRC) from Definition 1.2. Let us start with proving Proposition 1.5 stated in the Introduction, as the first interesting application of Theorem 1.4.
Proof of Proposition 1.5. Note that G is residually finite by Lemma 2.3. Since every finitely generated virtually abelian subgroup has a finite index subgroup isomorphic to Z n , for some n ∈ N ∪ {0}, by Theorem 1.4 it is enough to show that A vr G for every free abelian subgroup A of rank n. We will prove the latter statement by induction on n. If n ≤ 1, it follows from property (VRC), so suppose that A ∼ = Z n with n ≥ 2.
Choose any subgroup B A, with B ∼ = Z n−1 . Then B vr G by the induction hypothesis, so there exist a finite index subgroup K of G and N K such that B ⊆ K, B ∩ N is trivial and K = BN . Note that |A : (A ∩ K)| < ∞ , so A ∩ K ∼ = Z n , hence A ∩ N must be an infinite cyclic group, generated by some element a ∈ A ∩ N . Evidently |A : B a | < ∞.
By the assumptions, a vr G, hence a vr K by Lemma 3.2.(i). Therefore there exists a finite index subgroup L K which contains a and admits a homomorphism ξ : L → C, where C is an infinite cyclic group generated by ξ(a).
Observe that ψ( a ) ⊆ C × {1}, as ρ(a) = 1. On the other hand, ψ(B 1 ) intersects C × {1} trivially in C × B, because the composition of ψ with the projection of C × B onto B is the homomorphism ρ, which is injective on B 1 . Therefore
By construction, ψ is injective on B 1 and on a , and the images of these two subgroups have trivial intersection. Therefore ψ is injective on the product B 1 a . Also, one can note that C × B ∼ = Z n and B 1 a ∼ = B 1 × a ∼ = Z n , hence ψ(B 1 a ) must have finite index in C × B. It follows that for S = ker ψ L we have S ∩ B 1 a = {1} and |L : B 1 a S| < ∞.
Since G is residually finite and |A : B 1 a | < ∞ we can apply Theorem 1.4 to conclude that A vr G, as required.
Lemma 5.1. Let (P) be one of the properties (LR) or (VRC).
(i) Suppose that G is a group satisfying (P). Then G is residually finite and every subgroup A G also satisfies (P).
(ii) If G has (VRC) then every finitely generated virtually abelian subgroup is closed in the profinite topology on G.
Proof. Claim (i) follows from Lemmas 2.3 and 3.2.(i). Claims (ii) and (iii) follow from (i) and a combination of Proposition 1.5 with Lemma 2.2.
Lemma 5.2. (a)
If K is a finite index subgroup of a group G and K has (VRC) then G also has (VRC).
(b) The (finitary) direct product × i∈I X i of any family of groups X i with (VRC) satisfies (VRC).
Proof. Claim (a) is a consequence of Theorem 1.4. Indeed, suppose that A G is a cyclic subgroup and set H = A ∩ K. Then |A : H| < ∞ and H is also cyclic, hence H vr K, so H vr G. Therefore A vr G by Theorem 1.4 (G is residually finite because K is, see Lemma 5.1.(i)).
Claim (b) was proved in [35, Theorem 2.13] when |I| = 2, and our argument is a simple generalization of this proof. Each group X i , i ∈ I, is residually finite by Lemma 5.1.(i), hence the same is true for their direct product P = × i∈I X i . Suppose that a P is a cyclic subgroup. If a has finite order then a vr P by Lemma 3.4. On the other hand, if a has infinite order then there must exist some j ∈ I such that ρ j (a) has infinite order in X j , where ρ j : P → X j denotes the canonical projection (this is because P is the finitary direct product, so that a has only finitely many non-trivial projections to X i , i ∈ I). It follows that ρ j is injective on a . Since ρ j ( a ) vr X j by the assumptions, a vr P by Lemma 3.
2.(ii). Thus we have proved claim (b).

Corollary 5.3. Free groups have (LR) and virtually free groups have (VRC).
Proof. Every finitely generated subgroup of a free group is a free factor of a finite index subgroup by M. Hall's theorem [31] Remark 5.4. Part (a) of Lemma 5.2 was stated as Theorem 2.11 in [35] . However, the proof of this theorem in [35] refers to [35, Theorem 2.10], whose proof is invalid. More precisely, Theorem 2.10 of [35] claims that if G is a finitely generated linear group and K G is a finite index subgroup satisfying (LR) then G also satisfies (LR). We do not know if this theorem is true as stated (see Question 11.3 below); Proposition 1.7 shows that property (LR) is not, in general, preserved by passing to finite index overgroups, but our example is not linear over C.
The problem with the proof of [35, Theorem 2.10] is as follows (we use the notation from [35] ). After the non-faithful linear representation of A is induced to a representation of AH, the image of H, with respect to the induced representation, will usually have infinite index in the image of AH (indeed, the kernel of the induced representation can be much smaller than the kernel of the original representation). This would exactly be the issue if one tried to show that in the linear group G = F 2 Z 2 the centralizer of Z 2 is a virtual retract, by using that the diagonal subgroup of F 2 × F 2 is a virtual retract of G: see Example 3.6 and Proposition 3.7.
Remark 5.5. (a) Property (VRC) may not be preserved by infinite cartesian products. This can be seen, for instance, from the existence of residually finite groups without (VRC) (cf. Example 9.2 below) and the fact that every residually finite group embeds in a cartesian product of finite groups (each of which certainly has (VRC)).
(b) Property (LR) does not behave well even under finite direct products. Indeed, the free group F 2 , of rank 2, satisfies (LR) by Corollary 5.3, however it is well-known that the direct product F 2 × F 2 is not LERF (see, for instance, [3, Example on p. 12]), so it cannot satisfy (LR) by Lemma 5.1.(iii).
The next proposition implies that (LR) is at least stable under taking direct products with finitely generated virtually abelian groups.
Proposition 5.6. Suppose that X is a finitely generated virtually abelian group and Y is any group satisfying (LR). Then X × Y also satisfies (LR).
The proposition easily follows from the following lemma.
Lemma 5.7. Let X be a finitely generated virtually abelian group and let Y be an arbitrary
The group L is finitely generated and virtually abelian, as it is a subgroup of X, so we can apply Lemma 4.2 to find R L such that |L :
. Thus H vr L × M , so H vr X × Y and the proof is complete.
Recall that the first virtual betti number of a group G is defined by Proof. It is sufficient to prove that for any subgroup of finite index
be the natural homomorphism from K to it abelianization. Since K is virtually torsion-free and is not virtually abelian, ker ϕ = [K, K] must be infinite, and there must exist an infinite order element g ∈ ker ϕ. By the assumptions, g vr G, hence there is a finite index subgroup L K which contains g and has a homomorphism ρ : L → Z such that ρ(g) = 1 (here 1 denotes the generator of Z).
Consider the homomorphism ψ :
On the other hand, we claim that ψ(L) contains ϕ(L) ⊕ {0}, which is a finite index subgroup of A ⊕ {0}, since |K : L| < ∞. Indeed, for every a ∈ ϕ(L) we can take any
Remark 5.9. The assumption that G is virtually torsion-free is necessary in Proposition 5.8: by Theorem 9.4 below the lamplighter group Z 2 Z satisfies (VRC) but vb 1 (Z 2 Z) = 1, as it is torsion-by-cyclic.
Amalgams over retracts
The free product of two groups with (LR) again has (LR) by a result of Gitik, Margolis and Steinberg [25, Theorem 1.5] . In this section we will show that property (VRC) is closed under a more general construction of amalgamated products over retracts.
Let P and Q be groups, let R be a retract of P and let S be a retract of Q. Given an isomorphism ϕ : R → S, we can form the amalgamated free product
In this case we will say that G is an amalgamated product of P and Q over the common retract R. Let ρ 1 : P → R and ρ 2 : Q → S be retractions of P onto R and of Q onto S, with kernels
, and the group G, given by (3), is naturally isomorphic to the semidirect product (K 1 * K 2 ) R, where R normalizes each K i , i = 1, 2 (the action of R on K 1 is induced from P , and the action of R on K 2 comes from the composition of ϕ with the action of S on K 2 in Q). This isomorphism was first observed by Boler and Evans [11] , who used it to prove that G is residually finite whenever P and Q are residually finite. Both decompositions of G as an amalgamated free product and as the semidirect product will be useful for us below. Given normal subgroups N 1 P , N 1 ⊆ K 1 , and N 2 Q, N 2 ⊆ K 2 , since N 1 ∩ R = {1} and N 2 ∩ S = {1}, the epimorphisms P → P = P/N 1 and Q → Q = Q/N 2 naturally give rise to an epimorphism
where R and S are the images of R and S in P and Q respectively. Obviously R ∼ = R is still a retract of P (the kernel of the retraction is K 1 /N 1 ) and S ∼ = S ∼ = R ∼ = R is still a retract of Q. Thus G is an amalgamated product of P and Q over the common retract R. Note that R normalizes each of the subgroups
The following observation stems from the fact that the centralizer of a finite subgroup has finite index in its normalizer.
Remark 6.1. In the notation above, suppose that K i is finite, for i = 1, 2. Then the group G ∼ = (K 1 * K 2 ) R has a finite index subgroup decomposing as the direct product (K 1 * K 2 )×R 0 , where R 0 is a finite index subgroup of R.
Observe that when N 1 = {1} and N 2 = K 2 , η 1 = ψ {1},K 2 is basically a retraction of G onto P , whose kernel is the normal closure of K 2 in G. Similarly, the homomorphism ψ K 1 ,{1} gives rise to a retraction η 2 : G → Q. Let η : G → P × Q denote the homomorphism defined by η(g) = (η 1 (g), η 2 (g)) for all g ∈ G; then η is injective on both P and Q.
We will only require the next lemma in the case when A is cyclic. However, in the general form stated here this lemma may be of independent interest and may have other applications. Lemma 6.2. Using the notation above, suppose that P and Q are residually finite, G is given by (3), and A G is a subgroup which contains no non-abelian free normal subgroups. Then either the homomorphism η : G → P × Q is injective on A or there exist normal subgroups
Proof. Suppose that η is not injective on A, so A ∩ ker η = {1}. Note that by the definition of η, ker η ∩ P = {1} and ker η ∩ Q = {1}, so its kernel acts freely on the Bass-Serre tree T , corresponding to the decomposition of G as the amalgamated free product (3) (the vertex stabilizers are conjugates of P and Q in G). Hence this kernel is free (see [22, Theorem 8.3] ), and, since A contains no non-abelian free normal subgroups, A ∩ ker η must be infinite cyclic, generated by some a ∈ A ∩ ker η. The element a cannot fix any vertex of T , so it must act as a hyperbolic isometry with some axis . Now, A normalizes a , so its action on T will preserve . This gives rise to a homomorphism ξ : A → Aut( ), where Aut( ) is the automorphism group of the simplicial line , which is isomorphic to the infinite dihedral group D ∞ . Let B = ker ξ A, then B ∩ a = {1} and |A : B a | < ∞ (because a acts on as a non-trivial translation). Pick any edge e of . Since B fixes all of pointwise, B ⊆ St G (e) = gRg −1 , for some g ∈ G.
Note that ker (4)). The idea is simple: one can use the residual finiteness of P and Q to find finite index normal subgroups M 1 P and M 2 Q which avoid all the non-trivial elements of K 1 and K 2 , respectively, that appear in the normal form of a (when a is viewed as an element of the free product
By construction a = 1 in G and ψ N 1 ,N 2 is injective on B, as B is contained in a conjugate of R in G and ψ N 1 ,N 2 is injective on R by definition. Since G is an amalgamated product of P and Q over the common retract R, we have a natural homomorphism η : G → P × Q, which fits in the commutative diagram (5) below.
Since a ∈ ker η, it follows that a ∈ ker η. And, just like in the case of a, we can use the latter to conclude that the non-trivial element a ∈ G must act as a hyperbolic isometry on the Bass-Serre tree T , corresponding to the decomposition of G as an amalgamated product over R. In particular, a will have infinite order in G and a ∩ hRh −1 = {1} for every h ∈ G (because hRh −1 stabilizes an edge of T ). Hence a ∩ B = {1} in G.
We have shown that the homomorphism ψ N 1 ,N 2 is injective on B and on a , and the images of these two subgroups have trivial intersection. Therefore ψ N 1 ,N 2 must be injective on the product B a . Thus B a ∩ ker ψ N 1 ,N 2 = {1}, hence | ker ψ N 1 ,N 2 ∩ A| < ∞ as |A : B a | < ∞. But all finite normal subgroups of A are contained in B because B = ker ξ and the image of ξ has no non-trivial finite normal subgroups (ξ(A) is an infinite subgroup of
We are now able to prove that property (VRC) is stable under taking amalgamated products over retracts. Theorem 6.3. Suppose that P , Q are groups with isomorphic retracts R P and S Q, and G = P * R=S Q is the corresponding amalgamated product. If P and Q have (VRC) then G also has (VRC).
Proof. Note that the groups P and Q are residually finite by Lemma 5.1.(i). Let A G be a cyclic subgroup, and let η : G → P × Q be the homomorphism defined before Lemma 6.2. Then η(A) P × Q is cyclic, so η(A)
Now, according to Remark 6.1, there is a finite index subgroup G 0 G, which is isomorphic to the direct product (K 1 * K 2 ) × R 0 , for some finite index subgroup R 0 R. Note that R 0 R ∼ = R P satisfies (VRC) by Lemma 5.1.(i). On the other hand, the free product K 1 * K 2 is virtually free (as |K i | < ∞, i = 1, 2), hence it satisfies (VRC) by Corollary 5.3. Therefore, in view of Lemma 5.2.(b), the direct product G 0 has (VRC). Claim (a) of the same lemma yields that G has (VRC), as |G : G 0 | < ∞. [3] . Let F 2 denote the free group of rank 2, let P ∼ = Q ∼ = Z × F 2 , and let G be the amalgamated product of P and Q over F 2 . Obviously G ∼ = F 2 × F 2 , so G is not LERF (cf. [3, Example on p. 12]), hence it does not have (LR) by Lemma 5.1.(iii). However, the groups P and Q both satisfy (LR) by Corollary 5.3 and Proposition 5.6. Theorem 6.3 implies that (VRC) is closed under taking free products (when R and S are trivial), but we can extend this even further to amalgamated products and HNN-extensions over finite subgroups.
Corollary 6.5. Suppose that G is the fundamental group of a finite graph of groups whose edge groups are finite and vertex groups satisfy (VRC). Then G also satisfies (VRC).
Proof. Let T be the Bass-Serre tree corresponding to the given splitting of G. , tells us that K splits as a free product F * ( * n i=1 K i ), where F is a free group and each K i is isomorphic to a finite index subgroup of some vertex group from the original splitting of G. In particular, K i has (VRC) for every i = 1, . . . , n. Therefore the free product K = F * ( * n i=1 K i ) satisfies (VRC) by Corollary 5.3 and Theorem 6.3. Thus G has (VRC) by Lemma 5.2.(a).
Graph products
Let Γ be a simplicial graph with vertex set V Γ and edge set EΓ, and let G = {G v | v ∈ V Γ} be a collection of groups. The graph product ΓG is defined as the group obtained from the free product * v∈V Γ G v by imposing the relations
Graph products were originally introduced by E. Green [26] and naturally generalize free and direct products of groups. Prominent examples of graph products include right angled Artin groups (when G v ∼ = Z for all v ∈ V Γ) and right angled Coxeter groups (when G v ∼ = Z 2 for all v ∈ V Γ). For more background the interested reader is referred to [4, Subsection 2.2].
Given a graph product G = ΓG and any subset U ⊆ V Γ, the subgroup G U = G u | u ∈ U is called a full subgroup of G. This subgroup is naturally isomorphic to the graph product Γ U G U , where Γ U is the full (induced) subgraph of Γ on the vertices from U and G U = {G u | u ∈ U } (see [4, Section 3] ). In particular, every group G v , v ∈ V Γ, naturally embeds in G = ΓG (as the full subgroup G {v} ).
For any full subgroup G U G = ΓG, there is a canonical retraction ρ U : G → G U , which is defined as the identity map on each G u , u ∈ U , and ρ U (g) = 1 for all g ∈ G v with v ∈ V Γ \ U .
When the graph Γ is finite, the graph product of groups G = ΓG can be constructed from the vertex groups iteratively, by taking amalgamated free products over retracts. Indeed, for a vertex v ∈ V Γ, let link(v) ⊆ V Γ denote the set of all vertices of V Γ \ {v} adjacent to v. From the defining presentation of G = ΓG, we see that it naturally decomposes as the amalgamated product of its full subgroups:
Theorem 7.1. Let Γ be a finite graph, let G = {G v | v ∈ V Γ} be a collection of groups. If each of the groups G v , v ∈ V Γ, satisfies (VRC) then so does the graph product G = ΓG.
Proof. We will use induction on |V Γ|. The base of induction, when |V Γ| ≤ 1, obviously holds, so let us assume that |V Γ| ≥ 2 and the statement has been proved for all graph products over graphs with fewer vertices. Take any vertex v ∈ V Γ. If v is adjacent to every other vertex in V Γ, then, by the definition of a graph product, G ∼ = G v × G A , where A = V Γ \ {v}. By the assumptions and the induction hypothesis, both G v and G A satisfy property (VRC), so we can apply Lemma 5.2.(b) to conclude that G also satisfies this property.
Thus we can suppose that C = link(v) V Γ\{v}. Then both A = V Γ\{v} and B = C ∪{v} are proper subsets of V Γ, so G A and G B satisfy (VRC) by the induction hypothesis. Recalling the decomposition (6) of G, and the fact that G C is a canonical retract of both G A and G B , we can use Theorem 6.3 to deduce that G has (VRC), as required.
Since every finitely generated subgroup of a graph product G = ΓG is contained in a full subgroup G U , for some finite subset U ⊆ V Γ (see [4, Remark 3 .1]), and G U vr G, one can combine Theorem 7.1 with Lemma 3.2.(iv) to deduce that the conclusion of this theorem also holds when Γ is infinite. 
Virtual retractions and quasi-potency
In this section we discuss an application of property (VRC) to quasi-potency, which was originally introduced by Evans [24] as a condition for showing that an amalgamated free product of cyclic subgroup separable groups is also cyclic subgroup separable. Definition 8.1. Let G be a group. An infinite order element g ∈ G will be called quasi-potent in G if there exists n ∈ N satisfying the following property. For every k ∈ N there is a finite group M and a homomorphism ψ : G → M such that the order of ψ(g) in M is precisely kn.
A group G will be called quasi-potent if every infinite order element g ∈ G is quasi-potent.
The terminology from Definition 8.1 is due to Ribes and Zalesskii [39] , but the concept itself appeared much earlier in the work of Evans [24] , who used the terms "G has regular quotients at g" and "G has regular quotients". It was proved independently in [24] , [38] and [15] that the amalgamated product of two cyclic subgroup separable quasi-potent groups along a cyclic subgroup is again cyclic subgroup separable and quasipotent. Note that quasi-potency is important here: Rips [40] constructed an example of an amalgamated product two LERF groups over a cyclic subgroup which is not even residually finite (finitely generated examples were later obtained by Wilson and Zalesskii in [45] ).
Another use for quasi-potency was discovered by Tang [44] , who applied it to prove conjugacy separability for amalgamated products of virtually free groups and virtually nilpotent groups with unique root property along cyclic subgroups. Further results in this direction were obtained by Ribes and Zalesskii [39] and Ribes, Segal and Zalesskii [38] . Lemma 8.2. Let G be a group and let g ∈ G be an element of infinite order such that g vr G. Then g is quasi-potent in G.
Proof. Arguing as in Lemma 4.1, we can find a finitely generated virtually abelian group P and a homomorphism ϕ : G → P such that h = ϕ(g) has infinite order in P (residual finiteness of G is not required here, as we only need the homomorphism to be injective on g and not on its finite index overgroup).
Since finitely generated virtually abelian groups are quasi-potent (cf. [44, Lemma 2.2] or [15, Theorem 5.5]), there is n ∈ N such that for any k ∈ N there exist a finite group M and a homomorphism η : P → M such that the order of η(h) is exactly kn in M . Hence ψ = η • ϕ : G → M is a homomorphism sending g to an element of order kn in M . Thus g is quasi-potent in G. Corollary 8.4. Let P be a group with (VRC) and let Q be cyclic subgroup separable. If R P and S Q are infinite cyclic then P * R=S Q is cyclic subgroup separable.
If one assumes that both P and Q have (VRC), then a theorem of Burillo and Martino [15, Theorem 3.6] gives an even stronger statement.
Corollary 8.5. Suppose that P , Q are groups satisfying (VRC), and R P , S Q are isomorphic virtually cyclic subgroups. Then the amalgamated product P * R=S Q is cyclic subgroup separable and quasi-potent. Remark 8.6. In view of Proposition 1.5, it would be natural to ask whether one can replace 'virtually cyclic' by 'finitely generated virtually abelian' in Corollary 8.5. Unfortunately this would be fruitless as there exist amalgamated products of two finitely generated virtually abelian groups which are not residually finite (see [34] ).
Combining together Corollaries 8.5 and 1.6 we obtain the following.
Corollary 8.7. Let P , Q be groups each of which has a finite index subgroup that embeds into a right angled Artin or Coxeter group. Then the amalgamated product of P and Q along a virtually cyclic subgroup is cyclic subgroup separable.
Virtual retracts in solvable groups
Proposition 5.6 and Lemma 5.2 tell us that properties (LR) and (VRC) are stable under taking direct product with finitely generated virtually abelian groups, so it is natural to ask whether this can be extended to (split) extensions with finitely generated abelian kernels. The next result provides a strong negative answer. Recall that K has derived length d ≥ 2 by the assumptions, so
On the other hand, Thus we have shown that d ≤ 1, so L is abelian and G is virtually abelian.
Example 9.2. The integral Heisenberg group H (the group of all 3 × 3 unitriangular matrices with integer coefficients) is nilpotent of class 2, is isomorphic to a split extension of Z 2 by Z and is not virtually abelian. Therefore, by Proposition 9.1, H does not satisfy (VRC), even though it is LERF (see [42, Chapter 1.C, Exercise 11]).
Remark 9.3. (a) One can note that the proof of Proposition 9.1 actually applies more generally to solvable groups which are virtually torsion-free and all of whose abelian subgroups have finite Q-ranks. In particular, it shows that a strictly ascending HNN-extension of Z n , for any n ∈ N, cannot have (VRC).
(b) Proposition 9.1 can also be deduced from Proposition 5.8, as the first virtual betti number of a polycyclic group is bounded by its Hirsch length. In fact, by a much stronger result of Bridson and Kochloukova [12, Theorem A], vb 1 (G) < ∞ for any finitely presented nilpotentby-abelian-by-finite group G. Thus, in view of Proposition 5.8, such a group G cannot have (VRC), provided it is virtually torsion-free and not virtually abelian.
However, in general solvable groups may satisfy (VRC) and even (LR) without being virtually abelian. The natural examples to look at are restricted wreath products of abelian groups. Let A and B be two groups. By the definition, the restricted wreath product A B is the semidirect product A B B, where A B is the set of all functions from B to A with finite supports, equipped with pointwise multiplication coming from the multiplication on A. And for every b ∈ B and f ∈ A B , f : B → A, the function
The subgroup of A B consisting of all functions f ∈ A B such that f (b) = 1 for each b ∈ B \ {1} is clearly isomorphic to A. Thus both A and B can be thought of as subgroups of A B. Note that for any subgroup D A the restricted wreath product D B naturally embeds into A B, as the subgroup generated by D B and B.
By a result of Gruenberg [27, Theorems 3.1,3.2], the restricted wreath product A B of two residually finite groups A, B is residually finite if and only if either B is finite or A is abelian. We can use this theorem to characterize wreath products with property (VRC) in a similar fashion.
Theorem 9.4. Let A and B be groups, let G = A B be their restricted wreath product and let n ∈ N ∪ {∞}. Then G has (VRC) if and only if all of the following conditions hold:
(i) both A and B have (VRC); (ii) either B is finite or A is abelian.
Proof. We first show the necessity. Given that G has (VRC), we know that the same holds for A and B, as both of them are subgroups of G. Since this property implies that G is residually finite (Lemma 5. Therefore we can further suppose that A is abelian (in view of (ii)), and so we will use the additive notation for the operations on A and A B . Let H ≤ G be a cyclic subgroup, and let ρ : G → B be the natural retraction, with ker ρ = A B . We need to consider two cases. Case 1: ρ(H) is a finite subgroup of B. Then the subgroup F = H ∩ A B has finite index in H. The subgroup F is generated by a single function from A B , so there is a finite subset S ⊆ B such that F ⊆ A S (here by A S we mean the subgroup of A B consisting of functions that are supported on S). Since B is residually finite (see Lemma 5.1.(i)), we can find a finite index subgroup C B which has trivial intersection with the finite subset {s −1 t | s, t ∈ S} ⊆ B.
Note that the cosets {sC | s ∈ S} are all distinct by the choice of C, so we can complete S to a finite set T ⊆ B of left coset representatives in B/C. It is not difficult to see that M ∼ = A T C, which retracts onto A T because A is abelian (the kernel of this retraction is the normal closure of C). More explicitly, let η : M → A T be the map sending C to the identity and any function f : B → A to the function f : T → A defined by f (t) = c∈C f (tc) for all t ∈ T . This sum makes sense since f is non-trivial for only finitely many elements of B.
Let us check that η is a group homomorphism. Indeed, every element of M can be uniquely written in the form f c, where f ∈ A B and c ∈ C. So, consider two elements f 1 c 1 , f 2 c 2 ∈ M , where f i ∈ A B , c i ∈ C, i = 1, 2. Observe that for all t ∈ T we have
On the other hand, for every t ∈ T we have
where we used the facts that A is abelian and cc 1 runs over all of C whenever c does.
Comparing the right-hand sides of (7) and (8), we see that η(f 1 c 1 ) + η(f 2 c 2 ) = η(f 1 c 1 f 2 c 2 ), thus η is a homomorphism. Finally, recall that A T , as a subgroup of A B , consists of functions supported on T only, so for any f ∈ A T , f = f as f (tc) = 1 unless c = 1. Hence η induces the identity map on A T , in other words η : M → A T is a retraction. Consequently, A T vr G. We have established the sufficiency, so the proof of the theorem is complete.
Theorem 9.4 together with Corollary 4.3 tell us that for any finitely generated abelian group A, the wreath product G = A Z has property (VRC). Moreover, such G is known to be LERF (see [18, Proposition 3.19] ), so it is natural to ask whether G also satisfies the stronger property (LR). The remainder of the section is devoted to giving a precise answer to this question. The following result is due to Davis and Olshanskii [21] .
Lemma 9.5. Suppose that G = Z p k Z, where Z p is the cyclic group of prime order p and k ∈ N. Then G has (LR). Moreover, if H G is a finitely generated subgroup that is not contained in the normal subgroup W = (Z p k ) Z G then there exists N W such that N is normalized by H, N ∩ H is trivial and |G : HN | < ∞.
Proof. Let H be a finitely generated subgroup of G. If H ⊆ W then H is abelian and finite, so H vr G by Lemma 3.4. Otherwise, f b l ∈ H for some f ∈ W and l ∈ N, where b denotes the generator of the acting infinite cyclic group (i.e., G = W b ). In this case the subgroup 
.(iv).
The last statement is an immediate consequence of the proof of [21, Lemma 10.3] (N is the kernel of the retraction G l → F ; N ⊆ W by construction, as it is the normal closure in G l of finitely many elements from W ).
In fact, in [21, Theorem 1.2] Davis and Olshanskii studied the distortion of subgroups in G = A Z, where A is finitely generated and abelian, and showed that all finitely generated subgroups of G are undistorted if and only if A is finite. Thus, in view of Remark 3.3, G cannot have (LR) if A is infinite. Lemma 9.5 above shows that when A is finite the situation is more interesting, and the next lemma introduces an obstruction not coming from distortion. Lemma 9.6. Let G = A B, where B is infinite cyclic and A = Z p m is the cyclic group of order p m such that p is a prime and m ≥ 2. Then G does not have (LR).
Proof. We will think of Z p m as the set of residues {0, 1, . . . , p m − 1} modulo p m . By definition, G = W B, where B = b is the infinite cyclic group (under multiplication) and W is the set of all functions f : B → Z p m with finite supports, under modular addition. Let h : B → A be the function defined by h(1) = p and h(x) = 0 if x ∈ B \ {1}, and set H = b, h G. We will prove that H is not a virtual retract of G.
It is easy to see that H ∩W = pW , where pW = {pf | f ∈ W }. Therefore W/(H ∩W ) ∼ = Z p Z is infinite, so H has infinite index in G.
Arguing by contradiction, suppose that H vr G. Then there exists a subgroup N G, which is normalized by H and has trivial intersection with it, and such that |G : HN | < ∞. Since |G : H| = ∞, N must be infinite, so there is a non-trivial element f c ∈ N , where f ∈ W and c ∈ B. If c = 1, then the commutator [f c, h] = h c h −1 will be a non-trivial element from N ∩ W . If c = 1 then f c = f ∈ N ∩ W will be non-trivial. Thus, there must exist at least one non-trivial element g ∈ N ∩ W .
Since W ∼ = Z p m Z and H ∩ W = pW , either g ∈ H ∩ W or g has order p m . In the latter case pg ∈ H ∩ W has order p m−1 , hence it is non-trivial as m ≥ 2. In any case we found a non-trivial element from N ∩ H, contradicting our assumption. Therefore H cannot be a virtual retract of G; thus G does not have (LR).
We will call an abelian group semisimple if it is the direct sum of cyclic groups of prime order. Thus, for example, Z 2 2 ⊕ Z 3 is semisimple, while Z 4 is not.
Theorem 9.7. Suppose that G = A Z, where A is a finitely generated abelian group. Then G satisfies property (LR) if and only if A is semisimple.
Proof. Let us start with proving the necessity. If A is infinite, then G contains finitely generated distorted subgroups by [21, Theorem 1.2], so it does not satisfy (LR) by Remark 3.3 (alternatively, one can argue that Z Z does not have (LR) similarly to Lemma 9.6, and since it embeds in G when A is infinite, G cannot have (LR) either). Thus we can suppose that A is finite. Then it decomposes as a direct sum of cyclic subgroups of prime-power orders. If one of these subgroups is isomorphic to Z p m , for some prime p and m ≥ 2, then G will contain a copy of Z p m Z. The latter does not have (LR) by Lemma 9.6, hence G will not have (LR) either (see Lemma 5.1.(i)). Therefore, if G satisfies (LR), A must be a finite semisimple abelian group.
It remains to prove the sufficiency, so assume that A = ⊕ n i=1 A i , where
. . , p n are pairwise distinct primes and k 1 , . . . , k n ∈ N. Let B denote the infinite cyclic acting group for the decomposition of G as a wreath product, i.e., G = A B. Observe that the group W = A B also splits as a direct sum W = ⊕ n i=1 W i , where W i is the p i -torsion subgroup of W ; in other words,
Let H G be a finitely generated subgroup. If H ⊆ W then H is abelian and finite, so H vr G (for example, by Lemma 3.4 and [27, Theorem 3.1] ). Thus we can further assume that the image of H under the natural retraction G → B is b l for some l ∈ N, where b is a generator of B. Consequently, f b l ∈ H, for some f ∈ W .
Denote M = H ∩W , and observe that
. . , n (this holds because every element g ∈ M decomposes as a sum of elements of orders p 1 , . . . , p n from g M , and every element of order p i in W belongs to
and there is a natural retraction ρ i : G → G i whose kernel is the sum of W j for all j = i.
f i b l is a finitely generated subgroup of G i , which is not contained in W i . So, by Lemma 9.5, there exists N i W i which is normalized by H i , H i ∩ N i is trivial and 
Suppose that H vrG . Then there exists N G which is normalized by H, has trivial intersection with H and satisfies |G : HN | < ∞. Of course we can replace N with N ∩ G to assume that N ⊆ G. Clearly |G : H| = ∞, so N must contain at least one non-trivial element f c, where f ∈ A B and c ∈ B. If c = 1 then the commutator of f c with (1, 0) ∈ A ∩ H is non-trivial and belongs to A B . On the other hand, if c = 1 in B then f ∈ N ∩ A B must be non-trivial. Thus in any case there must exist a non-trivial function g ∈ N ∩ A B .
Note that g / ∈ CG(α) = H as H ∩ N is trivial, so the commutator [α, g] must be a nontrivial element of N ∩ A B ([α, g] ∈ N because N is normalized by α ∈ H). However, for every x ∈ B we have [α, g](x) = [α, g(x)] which can either equal to (0, 0) or to (1, 0) in A (this can be checked directly or by noticing that A, α is isomorphic to the dihedral group of order 8, whose derived subgroup is the 2-element subgroup generated by (1, 0) ). Thus [α, g] is a non-trivial element from N ∩ (1, 0) B ⊆ N ∩ H, which contradicts the triviality of H ∩ N . Therefore H cannot be a virtual retract ofG, soG does not have (LR).
Virtual free factors of virtually free groups
The goal of this section is establish necessary and sufficient criteria for determining whether a finitely generated subgroup of a finitely generated virtually free groups is a free factor of a finite index subgroup. Our approach uses actions on trees. More concretely, by a well-known theorem of Karrass, Pietrowski and Solitar [33] , a finitely generated group G is virtually free if and only if it decomposes as the fundamental group of a finite graph of groups with finite vertex and edge groups. The action of G on the corresponding Bass-Serre tree gives rise to the following statement.
Lemma 10.1 ([22, Ch. IV, Corollary 1.9]). Every finitely generated virtually free group admits a cocompact action on a tree with finite vertex (and edge) stabilizers.
The next lemma is an application of M. Hall's result [31] stating that free groups are LERF. Lemma 10.2. Suppose that G is a virtually free group acting on a tree T with finite vertex stabilizers. Let F G be a finitely generated subgroup and let X ⊆ T be an F -invariant F -cocompact subtree of T . Then there exists a finite index subgroup K G such that F ⊆ K and for any g ∈ K, g / ∈ F , one has gX ∩ X = ∅.
Proof. Let G 0 G be a free normal subgroup of finite index in G, and let F 0 = F ∩ G 0 . Then G 0 acts freely on T as the vertex stabilizers for the action of G on T are finite. Since |F : F 0 | < ∞, the induced action of F 0 on X is still cocompact, so we can choose a finite set V of representatives of orbits of vertices of X under this action. Now, for every pair of distinct vertices u, v ∈ V such that v ∈ G 0 u, choose an arbitrary element g uv ∈ G 0 such that v = g uv u. Let S ⊆ G 0 denote the finite set of these elements and their inverses. Note that F 0 ∩ S = ∅ and F 0 is a finitely generated subgroup of the free group G 0 . By M. Hall's Theorem [31, Theorem 5.1], there is a finite index normal subgroup N G 0 such that F 0 N ∩ S = ∅. Since |G : N | < ∞, after replacing N with its normal core (the intersection of all its conjugates in G), we can assume that N G (and, still, N ⊆ G 0 , |G : N | < ∞).
Observe that K = F N is a finite index subgroup of G containing F , and denote K 0 = F 0 N G 0 . To check that K satisfies the desired property, let us first suppose that hu = v for some u, v ∈ V , u = v, and some h ∈ K 0 . Then v = gu for some g ∈ S, hence hu = gu, so h = g ∈ G 0 as G 0 acts freely on T . Thus we arrive to a contradiction: h ∈ K 0 ∩ S = ∅. Therefore distinct vertices from V belong to different K 0 -orbits.
Consider any g ∈ K such that gX ∩ X = ∅. Then g = f h for some f ∈ F and h ∈ N , and there exist vertices x, y of X such that gx = y; thus hx = f −1 y. Note that z = f −1 y is still a vertex of X , as X is F -invariant, so there exist vertices u, v ∈ V and elements f 1 , f 2 ∈ F 0 such that x = f 1 u and z = f 2 v. The equality hf 1 u = f 2 v shows that u and v are in the same K 0 -orbit, as hf 1 , f 2 ∈ K 0 . It follows that u = v, so hf 1 u = f 2 u, which yields that hf 1 = f 2 , as hf 1 , f 2 ∈ G 0 and G 0 acts freely on T . Hence h = f 2 f −1 1 ∈ F 0 , and so g = f h ∈ F , as required.
Recall that a subgroup F of a group G is said to be malnormal if for every g ∈ G \ F one has gF g −1 ∩ F = {1}. We will say that F is almost malnormal in G if there exists a finite index subgroup K G, containing H, such that H is malnormal in K.
Suppose that G acts on a tree T and X is a subtree of T . For every subtree Y of T we will use St F (Y) to denote the pointwise stabilizer of Y in F . We will also use ∂ T X to denote the set of edges of T each of which starts at a vertex in X and ends at a vertex in T \ X .
The main result of this section is the following expanded version of Theorem 1.8 from the Introduction.
Theorem 10.3. Let G be a finitely generated virtually free group and let F G be a finitely generated subgroup. Then the following are equivalent:
(i) there is a finite index subgroup K G such that F ⊆ K and F is a free factor of K; (ii) F is almost malnormal in G; (iii) |C G (f ) : C F (f )| < ∞ for each finite order element f ∈ F \ {1}; (iv) for every cocompact action of G on a tree T with finite vertex stabilizers, there exists an F -invariant F -cocompact subtree X of T such that St F (e) = {1} for all edges e ∈ ∂ T X ; (v) there exist a cocompact action of G on a tree T with finite vertex stabilizers and an F -invariant F -cocompact subtree X of T such that St F (e) = {1} for all edges e ∈ ∂ T X .
Proof. Claim (i) implies claim (ii), as in a free product a free factor is always malnormal (this is an easy consequence of the Normal Form Theorem). To show that (ii) implies (iii), suppose that |C G (f ) : C F (f )| = ∞ for some non-trivial element f ∈ F , and let K G be any subgroup of finite index containing F . Then
In particular, there must exist an element g ∈ C K (f ) \ F , which yields that f ∈ gF g −1 ∩ F = {1}. Thus, F is not malnormal in K. Hence we have proved that (ii) implies (iii) by the contrapositive. Let us now show that (iii) implies (iv). Suppose that G acts cocompactly on a tree T with finite vertex stabilizers. Note that then the tree T must be locally finite: indeed, if a vertex v was incident to infinitely many edges in T , then infinitely many of these edges (starting at v) would belong to the same G-orbit, as G\T is finite. The latter would yield that |St G (v)| = ∞, contradicting the assumptions.
By Lemma 2.1, T has an F -invariant subtree X 0 on which F acts cocompactly. Let G 0 G be a normal free subgroup of G, with |G : G 0 | < ∞. Then G 0 acts freely and cocompactly on T . Let N ∈ N be the number of G 0 -orbits of the (oriented) edges in T , and let X be the N -neighborhood of X 0 in T . In other words, X is the subtree of T spanned on the vertices of T which are at distance at most N from X 0 . Obviously X is still F -invariant. Moreover, F acts on X cocompactly because F \X 0 is finite and T is locally finite.
Let e be any edge in ∂ T X and let f ∈ St F (e). Then f ∈ F must have finite order, so it must fix a vertex of X 0 (cf. [22, Ch. I, Corollary 4.9]). Let v be the vertex of X 0 which is fixed by f and is closest to e − . Then f fixes pointwise the oriented geodesic edge path e 1 e 2 . . . e n , where (e 1 ) − = v, (e i ) + = (e i+1 ) − , i = 1, . . . , n − 1, and e n = e. Note that n > N since e + / ∈ X and X is the N -neighborhood of X 0 . Therefore there must exist indices i, j, 1 ≤ i < j ≤ n, and an element g ∈ G 0 such that e j = g e i . Since (e i ) + / ∈ X 0 by the choice of v, e i is not an edge of X 0 . Moreover, the element g translates the edge e i , by construction. It follows that g is hyperbolic and e i is on the axis of g; in particular, for every k ∈ N, g k is hyperbolic and translates e i . The latter implies that g k / ∈ F for all k ∈ N, as otherwise, X 0 would contain all edges translated by g k (see Lemma 2.1), but e i is not an edge of X 0 . Hence g ∩ F = {1}.
Observe that the commutator g −1 f −1 gf belongs to G 0 (as G 0 G) and fixes e i (as f e i = e i , f e j = e j ). Since G 0 acts on T freely, this commutator must be trivial, hence g ∈ C G (f ). It follows that C G (f ) contains the infinite cyclic subgroup g , which has trivial intersection with F . Therefore |C G (f ) : C F (f )| = ∞, so f = 1 by (ii). Thus St F (e) = {1} and (iv) holds.
The implication (iv) ⇒ (v) is clear in view of Lemma 10.1. Thus it remains to prove that (v) implies (i).
Suppose that (v) holds. By Lemma 10.2 we can find a finite index subgroup K G such that F ⊆ K and for all g ∈ K \ F , gX is disjoint from X in T . It follows that for all g, h ∈ K either gX = hX (if h −1 g ∈ F ) or gX ∩ hX = ∅ (if h −1 g / ∈ F ). Therefore the action of K on T induces an action of K on a new tree T , which is obtained from T by contracting X and all its translates gX , g ∈ K, to single vertices.
Let x be the vertex of T obtained from X . The choice of K implies that St K (x ) = F . On the other hand, the preimage of any edge e of T , starting at x , is a single edge e ∈ ∂ T (X ) starting at some vertex v ∈ X . Therefore, if g ∈ St K (e ), then g ∈ St K (e), so gv = v ∈ gX ∩ X . The latter implies that g ∈ F , so g ∈ St F (e) = {1} by (v). Hence (9) St K (e ) = {1} for all edges e of T , with e − = x . Remark 10.4. If G is given as the fundamental group of a finite graph of finite groups and f ∈ F \ {1} is an element of finite order then |C G (f )| < ∞ unless f is conjugate to one of the edge groups in G. Thus condition (iii) of Theorem 10.3 only needs to be checked for elements conjugate to the edge groups.
Indeed, since f has finite order, it must fix a vertex v of the Bass-Serre tree T for the given splitting of G. If f is not conjugate to any edge group in G, then f does not stabilize any edge of T , so the fixed point set of f is {v}. It follows that C G (f ) also fixes v, hence |C G (f )| < ∞.
The following two consequences of Theorem 10.3 have already been known. . Let G be the free product of finitely many finite groups and a finitely generated free group. Then every finitely generated subgroup F G is a free factor of a finite index subgroup. In particular, G satisfies property (LR).
Proof. The given group G is certainly finitely generated and virtually free, and it can be represented as the fundamental group of a finite graph of groups with finite vertex groups and trivial edge groups. The action on the corresponding Bass-Serre tree will have finite vertex stabilizers and trivial edge stabilizers. Thus the corollary now follows from a combination of Lemma 2. . If G is a finitely generated virtually free group and F G is a finitely generated torsion-free subgroup, then F is a free factor of a finite index subgroup. In particular, F vr G.
Finally, let us prove Corollary 1.9 from the Introduction.
Proof of Corollary 1.9. Let G be a finitely generated virtually free group. If G satisfies M. Hall's property then every non-trivial finitely generated subgroup F G is almost malnormal by Theorem 10.3, hence |N G (F ) : F | < ∞.
Conversely, suppose that |N G (H) : H| < ∞ for every non-trivial finite subgroup H G, and let F G be any finitely generated subgroup. Then |N G ( f ) : f | < ∞, so the normalizer N G (f ) must be finite for all finite order elements f ∈ F \ {1}. It follows that |C G (f )| < ∞, hence |C G (f ) : C F (f )| < ∞. Therefore F is a free factor of a finite index subgroup of G by Theorem 10.3.
Open problems
In this section we list some open problems motivated by our discussion of virtual retraction properties.
Question 11.1. Do virtually free groups satisfy (LR)?
If the answer to the previous question is positive the next natural step would be to ask the following.
Question 11.2. Suppose that G is a virtually compact special hyperbolic group (in the sense of Haglund and Wise [30] ). Is every quasiconvex subgroup a virtual retract of G? Figure 1 . The graph of groups G.
arbitrary, therefore, after choosing the maximal tree in G to consist of the edges corresponding to E 3 and E 2 , we can assume that G = π 1 (G) has the following presentation:
